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A method is proposed for determining the conjugate mechanical and electrical
fields in a piezoelectric medium weakened by tunnel cuts which are, generally
speaking, curvilinear, The boundary value problem is reduced to the systems
of singular integral equations and linear algebraic relations, connecting the
functions sought, The approach developed here is allied to that used in [1].

Problems concerning the rectilinear tunnel cracks at the boundary with a cond-
uctor were studied in [2, 3],

l, Formulation of the problem, Weuse the crystallorgraphic
Zyz coordinate system to consider an unbounded piezoelectric medium (hexagonal
6mm crystal [4], or polarised ceramics [5] ) weakened by tunnel cuts Z; (j = 1, 2,

.. .,T) along the y -axis,
For the case of plane deformation of such a medium in the zoz -plane, the system
of solution equations in terms of the stress function @; and electric field potential
¢. has the form (below we assume that T = Z; and z = zy)

i@ + Lo = 0, 5@, + Lyg, = 0 (1.1)

Iy = a3001* + a100,205% + a1,05%, 8, = -a-i—
1

hia = Iy = 910,205 + as304%, 095 = 2

oz

—_ 2 2 -
lyy = a340,% + 5,857, @10 = S33 — Syg’sy !

= 840 + 2813 (1 — s3857Y), @14 = S33 — Sp2” Syt
—_ -1 -
g1 = Sy3diasy ™! — dyz + dys, Qg3 = dyg (51551, — 1)
Qg0 = 81y, dgy = €33 — 3%y}
Here sir = sis dip, €5 = €;7 are, respectively, the elastic compliance,
piezoelectric moduli and the dielectric constants appearing in the equation of state of

the medium [5), The functions ¢, and ¢, are related to the components of the
mechanical stress tensor and electric field intensity E by the formulas

0x = 05°@;, O, = 0;°Qy, To = —8;0:0; (1.2)
E, = —0,9,, E,= —859,
Let the forces X,* and Z,* and the potential @,* = @,” = @, be given
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4G5 at the edges L; , and let a homogeneous

i fleld of mechanical stresses 0,, ;3 and

T3 (see Fig, 1) exist at infinity, We shall

5 ?f<7 assume that [; are simple, smooth non-
?

f intersecting Liapunov curves [6].

l G, Under these conditions, conjugated sin-
gular fields of mechanical stresses and of

/ Ly electric field intensity vector will appear in

1{ the medium. Our problem consist of describ-

N ing these fields,
—I— The general solution of the system(1. 1)

GJ

has the form

3 3 (1.3)
o1 =2Re 3 n \®x(z)dze, @ = —2Re PRI
=1 L)

Vi = Qoo + Gaall’, Mg = amPbx -+ Gasphi®
Zp = Ty + UpZs, WPatk = E‘k (k=1,2,3)
(@10 + @rah® + @14ps*) (@20 + Gaep?) — UP(Bay + aas?)? = 0)

Here @ (z;) are analytic functions of their variables, and the characteristic values
1, represent the roots of the algebraic equation constained within the brackets, The
condition of positive definiteness of the energy functional of the system implies, that
Imp, %0 (k = 1, 2, 3). We asmme in addition that all roots of the equation in
question are simple, For example, for the CdSe crystal and the ceramic PZT-5,
for which the numerical values of the constants s;;, d;, and &;; are given in [§],
the computations yield, respectively.

uy = 0.567i, p, = 0.864i, p; = 1.825{, p, = 1.06i
Uy = —0.258 + 1.084i, u; = 0.258 4 1.084i

Using (1.2), the equations of state [5] and the representations (1. 3), we find the
following expressions for the stresses, displacements u and w , and the electric field
intensity in the medium

3 3
ox = 2Re kﬁl T’ @y’ (24), 0. = 2Re k21 VeDr” (2) -9
3 3
Te = — 2Re 3 @y (5), = 2Re 3 py®s (2)
3 3
w = 2Re z qk(Dk (zk)’ Ey= 2Re 2 A'kq)k, (zk)
k=1 k=1

3
E.=2Re )§1 Aepr @y (2x)
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Px = auaVeli® + Y2 (@12 — Saa) Vg — Qg3 — 7»1:!11:
Gx = Y2 (@12 — Saa) Vebx + B10VxMi" — (@g1 — dyg) Ay

Taking into account (1.4), we can write the boundary conditions at the contours
L; in the form
3 + (1. 5)
2 Re {kzlank(bk'(tk)} =Wt (=123

I==1
O1p = Vibilx ($),  Qop = Vi@ (§), s = Agay ()

Wit =TF X2, Wit=TFZz Wete=ll

ax (b) = py cosp — sin

Here ¥ is the angle between the normal to the left edge of L; (when moving from
the initial point a; to the end b;) and the Ou, -axis. The first two equations of
(1. 5) correspond to the mechanical, and the third one (n = 3) to the electrical
boundary conditions at the edges of the cut.

To close the system of equations, we must supplement (1, 5) with the conditions
of uniqueness of the displacements and the electric field potential  @,.

In this manner we reduce the problem to that of determining the analytic functions

@y’ (z;) in accordance with the boundary conditions (1. 5) and some additional cond-

itions which shall be given below.

2, Reduction of the boundary value problem (15
to a system of integral and algebraic equations,
Let us write the functions @,' (z) in the form

’ » t
A
L

by — 2

dty (k=1,2,3) 2.
where the constants Ay satisfy the conditions at infinity
2 Re él Y24y = 01, 2Re é}l YAy = 03 (2.9
2 Re é}l VibxAr = — 713, Re é,l MAy =0

3
Re 3 My Ay =
=1

Passingin (2. 1) to the limit and substituting the limiting values into (1.5) we arrive,
after manipulations, at the relations

3
2Re 3 anoy () = WD), Wi()=Wr—W,, tel (2.3)
=]

n
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3

N { o, (1) (2.4

2Re 2 Gk {2‘4,‘ + —3-157 S !k k— 1 dtk] = W112 (to)
k=1 L k0

Wak(t) =Wyt (t) + WD (1), tro = Rety+ uy Imé,
thEL (n=1,2,3) (k= tn(to))

The relations (2. 4) represent a system of three real integral equations in three fun-
ctions @ (f) which are, in general, complex. The relations (2, 4) must be supple-
mented by three linear algebraic coupling equations (2,3). Taking (2.3) inte account,
we can write (2, 4) in the form

3

;:S {8ni (2, Zo) 0k (£) + Gk (21 fo) a0 (1)} d2 = %LN n (fo) &9
i

a 1 Gy 4t Cie
Bux (¢ to) = T_"_—"';;,"{-T[T:;,;;":ﬁt—?:“};‘] (nk=1,2,3)

p— -
Gty to) = | e Sk 2
MR =ty B —F, dt
i W idi
Nn(t0)=‘?‘?S'"?£:T+an+Mm toEL
L

M, = — 2 (o, cos o + Tizsiny), M;=0
M, = 2 (113 co8 ¢y + 035invg), Po =V (£,)

By virtue of the previous assumption o, are functions of class Hoon L (6], the
kemels G, cannot have more than a weak singularity, and the kemels gn; consist
of a singular term (Cauchy kernel) and a term with not more than a weak singularity,

The equations (2. 3) and (2, 5) must be supplemented by the conditions of zero flux
of the electric induction vector through any closed contour embracing L;, and by
the condition of uniqueness of the displacements ¥ and w. Taking into account the
formulas (1. 3), (1.4) and (2, 1), we can write these conditions in the form

3
2Re 3| pus § (0t =0 (=123 j=1,2,...,n)
¥=1

L;

Pik = Pr»  Pax = GQx» Dsx = Mylao/ Pk — Vid1s

The equations (2. 3), (2. 5) and (2, 6) determine uniquely the unknown functions
w (8) (k =1, 2, 3).

3, Asymptotic formulas for the components of the
electric and mechanical fields Letus introduce the following
parametrization of the contour L; (below we shallomit the subscript ; ) by means
of the formulas

t=t(B), =1t (B)y a=t(—=1), b=12(1), (1B G

We put, in accordance with (3.1) (2;° (B) is a function of class H, on L)
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L R 0 ()
"”‘(‘)‘V(t_a)(t—b) =Vi—g (3.2

Using (1.4), (2.1), (8.2) and the asymptotic formulas for the Cauchy —type integral
near the end of the line of integration [6], we obtain the following asymptotic formul-
as for the components of the mechanical stress tensor and electric field intensity vect-
or:

o, =S5 (y,0), o =S (y, 2), T = — 8§ (v, 1)
E.=S8(,0), E,=8M1)

3

S(a,B) = Re sz B (£ 1) [F 8 (F= 1)) (55 — i)~

k=1

t
WED =35y

where the upper sign refers to the end of the crack ¢ = b, and the lower sign to
its beginning ¢ = aq.
4, Rectilinear crack in a piezoelastic material.

Let the material have a single crack occupying the segment [ —[; I] of the Oz -axis,
In this case the system (2, 5) together with the system (2. 3), has the form

3 zank mk (t) (4. 1)
Z‘_—S dt =N, (t) (n=1,2,3)
1 L

) t— 1,

Introducing the parametrization ¢ = B, z, = f,0 and taking into account(3. 2),
we arrive at three independent equations

1 § Q,’° (B dB N.* (4.2)
= dVq (50) (n=11293)

'F_l Vi—p b—bo

Qno (ﬂ) = k§1 Zankgko (ﬁ)v N.* (ﬂ) =N, (t)

Solving the equations (4, 2) we obtain, in the class %, [6]

. PN B VI 4.3
0@ =4 (P apis, m=t,2,3 47
-1

Separating in (4. 3) the real and imaginary parts andusing the formulas (2. 3), (3. 2) and
(4.2), we amrive at the conclusion that §,, are real constants, To compute their
values, we must bring in the conditions (2. 6). Having found Q,° (B) from (4. 3),
we obtain the functions €°(B) from the system of three algebraic equations (4. 2),
and then, taking into account (3. 2), we find the functions (2, 1).

Examples, 1°, Let X,*=Z,*=¢,* =0 atthe crackedges, and let a
homogeneous stress field oy, 713 exist at infinity. In this case the functions (2. 1)
have the form ( 0 denotes the chracteristic stress)
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O ()= oo (1+ iy ) (=129

The values of <ci> = 107% ¢4,  <Op) = @0 (Op) = @Gy,  <(Tp) = aT,y, (K, =
3E,, (Epp =0Ey(a=V2or/(cVD), 8=2, VIr/(ody VD o, 04 T4 En

Eq representing, respectively, the components of the mechanical stress tensor and
the electric field intensity vector, in polar coordinates with the center ¢ situated at
the tip of the crack and 7= |z — ¢[} are given for the CdSe crystal in the table,
The values in the first line of each block of the table correspond to the cagse 0= 0,
#+0, T3 = 0 (and we have <c;) = —155.38i, {c,) = 119.53i, <cy> = —7.79i). The
values in the second line correspond to the case 0 = T;3 5= 0, 03 = 0 (and we have

<eyd == ~85.45, (> = 111.46, (e3> = ~ 15.31).

The above data show that a piezoelastic material with a crack acted upon by pure

mechanical external forces, develops & strong electric field which leads, in some cas-
es, to a loss of the "electric strength”,i. €., to a breakdown of the dielectric .

The conditions for a breakdown are obtained for the case ;3 == 0, 7y, == 0 using
[2] and the formulas (4,4) and (1.4). Performing the appropriate computations we

obtain 3
v == nilag? e.q
* 2‘;‘21 Kk Tabie 1
) 0° 30° 50° g0° 129° 150° 180*
{Gp> 0.93 0.92 1.12 1.14 0.75 0.45 0
0 0.04 4.03 —-0,35 | —1.04 -t 77 | ~1.82
¢ —0.74 | —0.42 0.2 —3.01 -0, 47 | —1.43
<y 0.98 0.88 (.62 0.32 0.12 0.0 0
0 (). 84 —1.15 ~4.41 | —0.69 -0.37 ~el} , 25
0 —-0.14 | —0.25 -0.25 | —0.008 | ~—0.34 0
{Tpy> 0 0.26 0.39 | 0.33 0.19 0.06 0
0.98 0.66 0.25 ~03.84 | —0.64 i}, 47 g
0 0.42 0.26 0.11 | —06.186 | —0.17 0 -
CEpy 0 —2.46 | —0.41 —0. 41 0 —0.41 0
Q —0.44 —1.23 wq1.64 | —1.64 —1,23 0
-1 ~0.97 | —0.88 ~0.74 | —0.53 —0.29 0
By | 0 | —6.54 | —1.23 | —0.41 | —1.23 0 0
¢ —2.46 | —2.48 -y B4 | —0.82 —2.05 g
U .22 0.45 0.68 0.883 0.77 1.1
2° Letnow 0= Ty =03=0.X,F=2Z,% =0, p;F=g,c/1 In this case

the funetions (2. 1) have the form

; “k
@y (z) = Ag — EE’-E"—- (;—,— W«”:—;?) (k==1,2,3)

P

The values of the quantities (¢;* =107y, (0r> =Ge0y, {Tp> = X0y (Trg) =AyTyqs By
=8Ey, <Eg = 8oEq (0t = 41dg; Vi @ V), 8o= VTl / (9, V) are given
for the ceramic PZT — 5 in the third line of each block of the Table 1, and we have

<o *> = 52.95, <cg*> = 0.01—1.46i, <cy*> == 0.01 4 1.46:).
..<E,> appearing in the Tableare, respectively, of

The quantities <o, . .
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dimension zero, dimension of the stresses N/m2, dimension of the stress vector N /k,
dimension of <cp> ng/kz and dimension of <{c¢,*> N/k,

3.
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